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In this paper, we propose and investigate a hybrid three-dimensional multiple access (3DMA) scheme for
multi-user multiple-input multiple-output visible light communication (MU-MIMO-VLC) systems that can
fully exploit the 3D resources of the system including frequency, space, and power. Particularly, all users in the
MU-MIMO-VLC system applying hybrid 3DMA are first divided into multiple user groups (UGs) in the spatial
domain, and users within each UG are further divided into multiple user pairs (UPs) in the frequency domain.
In each UP, two users are multiplexed in the power domain via superposition coding. Due to the efficient 3D
resource allocation in the MU-MIMO-VLC system applying hybrid 3DMA, the available bandwidth of each
user can be substantially increased. Moreover, the impact of error propagation caused by imperfect successive
interference cancellation (SIC) is considered, and the optimal power allocation (OPA) strategy is also derived to
maximize the achievable sum rate of each UP. The feasibility and superiority of the proposed hybrid 3DMA with
OPA have been successfully verified by the obtained analysis and simulation results. It is shown that the achiev-
able average sum rate of an indoor 4× 4 MU-MIMO-VLC system can be substantially improved by applying the
proposed hybrid 3DMA with OPA, in comparison to benchmark schemes such as orthogonal frequency division
multiple access and space division multiple access. Moreover, it is further revealed that hybrid 3DMA with OPA
exhibits high tolerance against imperfect SIC induced error propagation, which also shows excellent robustness
and performance consistency to support multiple randomly located users. © 2022 Optica Publishing Group

https://doi.org/10.1364/JOCN.468749

1. INTRODUCTION

With the emergence of data-hungry applications such as ultra-
high-definition video streaming, online video gaming, and
virtual/augmented/extended reality (VR/AR/XR) in recent
years, the global demand for high-data-rate wireless com-
munication is increasing rapidly. It might be challenging for
traditional radio frequency (RF) communication technologies
to support the exponentially increased data traffic in the near
future, due to the highly congested RF spectrum and the severe
interference among wireless devices [1]. Lately, optical wireless
communication (OWC) has been recognized as a promising
technology to alleviate the RF spectrum congestion, which can
utilize a hug spectrum by exploiting visible light, infrared, or
ultra-violet bands [2]. Moreover, an OWC network consists of
small communication cells, i.e., attocells, which can efficiently
reduce device interference and enable dense spatial reuse [3].
More particularly, owing to the pervasive application of light-
emitting diodes (LEDs) for general indoor illumination, visible
light communication (VLC) employing illumination LEDs
has been triggering tremendous interest recently [4,5]. VLC

has been widely envisioned as a promising complementary
technology to traditional RF technologies, which exploits the
visible light spectrum ranging from 380 to 780 nm by reusing
LED fixtures [6].

Although VLC systems have abundant unregulated spec-
trum resources, the available modulation bandwidth is largely
limited by the adopted LED transmitters, especially for com-
mercially available white LEDs [7]. To address the bandwidth
limitation issue of practical VLC systems, two main categories
of techniques have been reported so far: one is to extend the
modulation bandwidths of LEDs through blue filtering [8],
pre-equalization [9,10], or post-equalization [11,12], and the
other is to increase the spectral efficiency of VLC systems for
a given modulation bandwidth via advanced modulation and
transmission techniques [13–15]. More specifically, multiple-
input multiple-output (MIMO) transmission has been shown
to be a natural and efficient way to boost the spectral efficiency
of VLC systems [16]. Among all the reported MIMO tech-
niques for VLC systems in the literature, spatial multiplexing
is the most popular one, which can achieve high multiplexing
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gain and hence is capable of substantially enhancing the spec-
tral efficiency of VLC systems [17]. It should be noted that
MIMO is referred to as spatial multiplexing in the following.

A. Related Work and Motivation

The investigation of MIMO transmission in VLC systems has
attracted great attention recently, such as angular-diversity-
based detection [18], coverage analysis [19], transceiver design
[20,21], and neural-network-based joint spatial and temporal
equalization [22]. So far, many experimental MIMO-VLC
systems have been reported in the literature, such as a Gbit/s
MIMO-VLC system using orthogonal frequency division
multiplexing (OFDM) [23], a 50 Mbit/s MIMO-VLC system
using on–off keying (OOK) [24], a pairwise coding-enhanced
MIMO-VLC system [25], and the application of MIMO-VLC
in a hospital [26,27].

Moreover, considering that there might be multiple users
within the MIMO-VLC system, the design of an efficient
multiple access scheme for multi-user MIMO-VLC (MU-
MIMO-VLC) systems is of practical significance. Table 1
compares the main pros and cons of multiple access schemes
for MU-MIMO-VLC systems.

On one hand, multiple access schemes proposed for gen-
eral MU-VLC systems, such as orthogonal multiple access
(OMA) schemes including time division multiple access
(TDMA) [38], code division multiple access (CDMA) [39],
orthogonal frequency division multiple access (OFDMA)
[40] and non-OMA (NOMA) schemes [41–43], are also
applicable to MU-MIMO-VLC systems. More specifically,
TDMA has been adopted to support multiple users in MU-
MIMO-VLC systems in [28,29], CDMA has been applied in
MU-MIMO-VLC systems in [30], MU-MIMO-VLC systems
using OFDMA have been studied in [31], and NOMA has
been introduced in MU-MIMO-VLC systems in [32–34].
For MU-MIMO-VLC systems applying OMA schemes, MU
interference (MUI) can be eliminated by allocating different
users with orthogonal time/code/frequency resources, under
the condition of reduced available resources of each user. For
MU-MIMO-VLC systems employing NOMA schemes, the
available resource of each user can be efficiently increased by
multiplexing multiple users in the same resource block, but
the MUI becomes nonnegligible. Nevertheless, the spatial
characteristics of MIMO-VLC systems are not fully exploited
when using OMA and NOMA schemes.

On the other hand, MIMO-specific multiple access schemes
have also been designed for MU-MIMO-VLC systems. By
performing power allocation (PA) among LEDs, precoding
can be conducted to remove MUI at the transmitter side in
MU-MIMO-VLC systems [21,35,36]. However, due to the
limited dynamic range and severe nonlinearity of LEDs, the
performance of precoding might be significantly degraded in
practical MU-MIMO-VLC systems [44]. In our previous work
[37], we proposed a space division multiple access (SDMA)
scheme for MU-MIMO-VLC systems that exploits both the
spatial domain and frequency domain resources of the system.
According to the distinctive spatial positions of LEDs and
the relative positions of users with respect to each LED, users
within the MU-MIMO-VLC system are divided into multi-
ple groups, and each group can use the overall modulation
bandwidth of the system. Hence, the proposed SDMA scheme
can utilize the modulation bandwidth more efficiently than
conventional OFDMA. Nevertheless, OFDMA is still adopted
to support users within each group in the MU-MIMO-VLC
system applying SDMA, which inevitably leads to the reduc-
tion of available bandwidth of each user, especially when there
is a large number of users within the group. Therefore, it is
necessary to design a more efficient multiple access scheme for
MU-MIMO-VLC systems by fully exploiting three degrees of
resources in the system.

B. Main Contributions

To further enhance the bandwidth utilization efficiency of
MU-MIMO-VLC systems, in this paper, we propose a hybrid
three-dimensional multiple access (3DMA) scheme for MU-
MIMO-VLC systems. The main contributions of this work
can be summarized as follows:

• proposal of a hybrid 3DMA scheme for MU-MIMO-
VLC systems that can fully exploit the 3D resources of the
system including frequency, space, and power;

• analytical derivation of the achievable rate of the MU-
MIMO-VLC system applying the proposed hybrid 3DMA
scheme and other benchmark schemes;

• formulating an analytical optimization problem to maxi-
mize the achievable sum rate and further deriving the optimal
power allocation (OPA) strategy for MU-MIMO-VLC systems
applying hybrid 3DMA;

Table 1. Comparison of Multiple Access Schemes for MU-MIMO-VLC Systems

Scheme Reference Pros Cons

TDMA [28,29] Negligible MUI Reduced available time slots, spatial characteristics ignored
CDMA [30] Negligible MUI Reduced available codes, spatial characteristics ignored
OFDMA [31] Negligible MUI Reduced available bandwidth, spatial characteristics ignored
NOMA [32–34] Increased available bandwidth Nonnegligible MUI, spatial characteristics ignored
Precoding [21,35,36] Negligible MUI, spatial characteristics

exploited
Vulnerable to dynamic range limitation, vulnerable to LED

nonlinearity
SDMA [37] Negligible MUI, spatial characteristics

exploited
Reduced available bandwidth, only spatial and frequency

resources exploited
Hybrid 3DMA This work Increased available bandwidth, three degrees

of resources exploited
Nonnegligible MUI
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• validating the analytical predictions through extensive
Monte Carlo simulations, and presenting insightful results
about the achievable rate performance of the MU-MIMO-
VLC system using various multiple access schemes under the
impact of imperfect successive interference cancellation (SIC)
induced error propagation.

The rest of this paper is organized as follows. Section 2
introduces the general model of MU-MIMO-VLC systems. In
Section 3, the principle of the proposed hybrid 3DMA is first
described, the achievable rate of the MU-MIMO-VLC system
using hybrid 3DMA is further analyzed, and the OPA strategy
in hybrid 3DMA is also derived. Section 4 presents the detailed
analytical and simulation results. Finally, Section 5 gives the
conclusion of the paper.

2. GENERAL MODEL OF MU-MIMO-VLC

In this section, we introduce the basic mathematical model
of a general indoor MU-MIMO-VLC system, where N
LEDs are installed in the ceiling, and K users are located
over the receiving plane. Each user is equipped with N pho-
todiodes (PDs) that face towards the ceiling vertically. For
simplicity and without loss of generality, we here assume
that the MU-MIMO-VLC system has a flat frequency
response. (A flat frequency response can be easily ensured
by applying efficient frequency domain pre-equalization/post-
equalization in a digital or analog manner [9,10].) Letting
x= [x1, x2, . . . , xN]

T be the transmitted electrical signal
vector with power Ps , the received signal vector at the kth user,
i.e., yk = [yk,1, yk,2, . . . , yk,N]

T , can be expressed by

yk =Hkx+ zk, (1)

where Hk denotes the N × N channel matrix for the kth user,
and zk = [zk,1, zk,2, . . . , zk,N]

T is the corresponding additive
noise vector. The channel matrix Hk is given by

Hk =

 hk,11 · · · hk,1N
...

. . .
...

hk,N1 · · · hk,NN

 , (2)

where hk,r t (r = 1, 2, . . . , N; t = 1, 2, . . . , N) denotes the
channel gain between the r th PD and the tth LED at the kth
user.

In practical VLC systems, the channel gain hk,r t usu-
ally consists of both the line-of-sight (LOS) component
hk,r t,LOS and non-LOS (NLOS) component hk,r t,NLOS,
i.e., hk,r t = hk,r t,LOS + hk,r t,NLOS [6]. Assuming each LED
follows a Lambertian radiation pattern, the LOS channel gain
hk,r t,LOS can be calculated by

hk,r t,LOS =
(m + 1)ρA

2πd2
0

cosm(ϕ0)G f G l cos(θ0), (3)

where m =−ln2/ln(cos(9)) denotes the order of Lambertian
emission, and 9 is the semi-angle at half power (SAHP) of the
LED; ρ and A are the responsivity and the active area of the
PD, respectively; d0 is the distance between the r th PD in the
kth user and the tth LED; ϕ0 is the emission angle; θ0 is the
incident angle; and G f and G l are the gains of optical filter

and lens, respectively. The gain of the optical lens is given by

G l =
n2

RI
sin28

, where nRI and 8 are the refractive index (RI) and
the half-angle field-of-view (FOV) of the lens, respectively.

Moreover, assuming only the first reflection is considered,
the NLOS channel gain hk,r t,NLOS can be obtained by [6,45]

hk,r t,NLOS =

∫
(m + 1)ρεA
2(πd1d2)2

cosm(ϕ)cos(φ1)cos(φ2)

× G f G l cos(θ)dAw, (4)

where d1 and d2 denote the distance between the reflective
point and the tth LED and the distance between the r th PD
and the reflective point, respectively; ε is the reflectivity of the
wall; ϕ is the emission angle from the LED, φ1 is the incident
angle to the reflective point, φ2 is the emission angle from the
reflective point, and θ is the incident angle to the PD; and dAw
is a small reflective area on the wall.

At the kth user, the transmitted electrical signal vector can be
estimated via MIMO demultiplexing. Here, we adopt the zero-
forcing (ZF) approach to perform MIMO demultiplexing,
due to its simplicity and low complexity [13,46]. After ZF-
based MIMO demultiplexing, the estimate of the transmitted
electrical signal vector is obtained as follows:

x̂k =H†
kyk = x+H†

kzk, (5)

where H†
k denotes the pseudo inverse of Hk , which is given by

H†
k = (H

∗

kHk)
−1H∗k , with H∗k being the conjugated transpose

of Hk and (·)−1 being the inverse of a matrix [16]. Letting h̃k,r t

denote the element in the tth row and the r th column of H†
k ,

the estimate of the tth data stream corresponding to the tth
LED at the kth user is expressed by

x̂k,t = xt +

N∑
r=1

h̃k,r t zk,r . (6)

Moreover, the additive noise can be reasonably modeled as a
real-valued zero-mean additive white Gaussian noise (AWGN),
which consists of both thermal and shot noises. The power of
the AWGN is calculated by Pz = N0 B , where N0 denotes the
power spectral density (PSD), and B is the modulation band-
width [17].

3. MU-MIMO-VLC USING HYBRID 3DMA

In this section, we describe the detailed principle of the
MU-MIMO-VLC system using hybrid 3DMA. Figure 1
illustrates the resource allocation strategies in a K -user N × N
MU-MIMO-VLC system using different multiple access
techniques. When employing FDMA/OFDMA, as shown in
Fig. 1(a), the overall bandwidth B is partitioned and shared by
all K users, and therefore the available bandwidth of each user
becomes very small [40]. Assuming equal bandwidth allocation
among users, the available bandwidth of the kth user is given
by Bk =

B
K . When applying SDMA, as shown in Fig. 1(b), the

K users are first divided into multiple user groups (UGs) based
on their spatial locations with respect to the LED transmitters.
As a result, each UG can utilize the overall system bandwidth
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Fig. 1. Illustration of resource allocation in a K -user N × N
MU-MIMO-VLC system using (a) FDMA/OFDMA, (b) SDMA,
and (c) hybrid 3DMA.

B , which is further partitioned and shared by users within each
UG [37]. Assuming the i th (i = 1, 2, . . . , N) UG, i.e., UGi ,
consists of K i users and equal bandwidth allocation among
users within each UG, the available bandwidth of the kth user
in UGi is given by Bk,i =

B
K i

. When using the proposed hybrid
3DMA, as shown in Fig. 1(c), users within each UG are further
paired together. (For the UG with an odd number of users, the
remaining unpaired user can be allocated with separate power
and bandwidth resources [42].) Specifically, the overall system
bandwidth B is partitioned and shared by all user pairs (UPs)
in each UG and power domain NOMA is applied for two users
within each UP. (It is practical to multiplex only two users in
the power domain considering the decoding computational
complexity and time delay at the receiver side [47].) Assuming
there are Wi UPs in UGi and equal bandwidth allocation
among UPs within each UG, the available bandwidth of the
kth user in UPi, j ( j = 1, 2, . . . ,Wi ) is given by Bk,i j =

B
Wi

.
It can be seen from Fig. 1 that FDMA/OFDMA utilizes only
frequency domain resources to support multiple users, while
SDMA uses both space and frequency domain resources to

serve multiple users. For the proposed hybrid 3DMA, 3D
resources, including space, frequency, and power, are adopted
to realize multiple access in MU-MIMO-VLC systems.

A. Principle of Hybrid 3DMA

Figure 2 illustrates the schematic diagram of a K -user N × N
MU-MIMO-VLC system using hybrid 3DMA. As we can see,
the input data of each user are first mapped into quadrature
amplitude modulation (QAM) symbols, and then 3D resource
allocation is performed. After parallel OFDM encoding, the
resultant signals are used to drive N LEDs. At the receiver side,
each user detects the optical signal via N PDs. Subsequently,
MIMO demultiplexing and parallel OFDM decoding are con-
ducted. After that, pairwise 3D signal recovery is performed
with respect to each UP, and the recovered QAM symbols
are finally demapped to generate the users’ output data. The
detailed procedures to execute 3D resource allocation and
pairwise 3D signal recovery are described as follows.

1. 3D Resource Allocation

Figure 2(a) shows the procedures to implement 3D resource
allocation in the K -user N × N MU-MIMO-VLC system
using hybrid 3DMA. First, K users are divided into N UGs
via space channel allocation in the space domain, which
can be performed according to the obtained channel gains.
Specifically, the sum channel gain of the kth user with respect
to the tth LED can be defined as hk,t =

∑N
r=1 hk,r t , and the

corresponding sum channel gain vector with respect to all the
N LEDs can be obtained by

hk =
[
hk,1, hk,2, . . . , hk,N

]
. (7)

Based on Eq. (7), we can identify the index of the UG that
the kth user belongs to, i.e., τk , by obtaining the index of the
largest element of hk , which is with respect to the specific
LED with which the kth user can achieve the maximum sum
channel gain:

τk = argmax
t

hk,t , t ∈ {1, 2, . . . , N}. (8)

Hence, the kth user is allocated with the τkth space channel
and belongs to the τkth UG, which indicates that the kth
user utilizes only the τkth PD to receive the intended signal
from the τkth LED. Similarly, space channel allocation can
be executed for all K users, which are grouped into N UGs.
Considering that users might be randomly distributed over the
receiving plane, some of the UGs might be empty. In this case,
the LEDs corresponding to empty UGs are used only for illu-
mination [37]. Assuming that there are totally T (0≤ T ≤ N)
LEDs used for both illumination and signal transmission, the
dimension of the channel matrix becomes N × T, and the
resultant channel matrix Vk can be represented as follows:

Vk =
[
vk,1, vk,2, . . . , vk,T

]
. (9)

In Eq. (9), the vector element vk,q = [vk,1q , vk,2q , . . . , vk,Nq ]
T

is with respect to the q th (q = 1, 2, . . . , T) LED, which is acti-
vated for both illumination and signal transmission.
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Fig. 2. Schematic diagram of a K -user N × N MU-MIMO-VLC system using hybrid 3DMA. Insets: (a) 3D resource allocation and (b) pair-
wise 3D signal recovery. PA, power allocation; SPC, superposition coding; SIC, successive interference cancellation.

After space channel allocation in the space domain, sub-
carrier allocation in the frequency domain is further carried
out. As shown in Fig. 1, users within each UG are first divided
into multiple UPs, and then subcarrier allocation is performed
among all UPs within each UG. To perform user pairing,
users within each UG are sorted based on their channel gains.
Letting hki ,i i (ki = 1, 2, . . . , K i ) denote the channel gain of
the ki th user of the i th UG, the K i users within the i th UG can
be sorted in the ascending order:

h1,i i ≤ · · · ≤ hki ,i i ≤ · · · ≤ h K i ,i i . (10)

According to the above user sorting, channel-based user pairing
can be performed as follows. For the case in which the i th UG
consists of an even number of users, i.e., K i = 2Wi , the sorted
K i users are first divided into two groups. Specifically, the first
group g e

i1 contains the first half of the sorted users starting
from user 1 to user K i

2 , while the second group g e
i2 contains the

second half starting from user K i
2 + 1 to user K i . Subsequently,

user pairing can be conducted in the following manner:
UPe

i,wi
= [g e

i1(wi ), g e
i2(wi )], i.e., the wi th user pair UPe

i,wi
contains both thewi th user in g e

i1 and thewi th user in g e
i2 with

wi = 1, 2, . . . ,Wi . For the case in which the i th UG consists
of an odd number of users, i.e., K i = 2Wi − 1, the sorted K i

users are divided into three groups. To be more specific, the
first group g o

i1 contains K i−1
2 users starting from user 1 to user

K i−1
2 , the second group g o

i2 also contains K i−1
2 users starting

from user K i+3
2 to user K i , and the third group g o

i3 contains

only one user, i.e., user K i+1
2 . After that, user pairing can be

performed as follows. For UPo
i,wi

with wi = 1, 2, . . . ,Wi − 1,

it is obtained by UPo
i,wi
= [g o

i1(wi ), g o
i2(wi )], i.e., the wi th

user pair UPo
i,wi

contains both the wi th user in g o
i1 and the

wi th user in g o
i2. For UPo

i,Wi
, it contains only user K i+1

2 , which
can utilize all the bandwidth and power sources allocated to the
UP. As a result, user pairing can be successfully implemented
based on their channel gains.

Given the obtained multiple UPs, power domain NOMA is
adopted to support the two users within each UP. For each UP,
as shown in Fig. 2(a), PA is first performed between two users
and then power domain superposition coding (SPC) is further
executed. In the wi th UP of the i th UG, i.e., UPi,wi , the two
users are sorted as a far user U f

i,wi
and a near user Un

i,wi
accord-

ing to their channel gains. Letting p f
i,wi

and pn
i,wi

respectively
denote the electrical transmit powers allocated to the far user
and near user, the PA ratio between the near user and far user in
UPi,wi can be defined as follows:

αwi =
pn
wi

p f
wi

, 0≤ αwi ≤ 1. (11)

Assuming that the total electrical transmit power of each UP
is a constant value Ps , we have Ps = p f

wi + pn
wi

. As a result,
the electrical transmit powers of far and near users can be
obtained by  p f

wi =
1

1+ αwi
Ps ,

pn
wi
=

αwi
1+ αwi

Ps .
(12)

To efficiently perform PA between the far and near users
in each UP, two low-complexity channel-based PA strategies
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are considered, including gain ratio PA (GRPA) [41] and
normalized gain difference PA (NGDPA) [33]. Hence, the
corresponding PA ratio αi,wi can be expressed by

αwi =


(

h f
wi

hn
wi

)2

, GRPA

hn
wi
−h f

wi
hn
wi

, NGDPA

, (13)

where h f
wi and hn

wi
denote the channel gains of far and near

users in UPi,wi , respectively. Besides GRPA and NGDPA,
we further consider the OPA strategy in 3D resource alloca-
tion, which is able to maximize the achievable sum rate of
each UP. The detailed description of OPA will be discussed in
Subsection 3.C.

Finally, SPC is performed to generate the superposed signal
of each UP. Letting s f

wi and s n
wi

respectively denote the normal-
ized message signals intended for far and near users in UPi,wi ,
the resultant superposed signal is expressed by

swi =

√
p f
wi s

f
wi
+

√
pn
wi

s n
wi

. (14)

2. Pairwise 3D Signal Recovery

The procedures to carry out pairwise 3D signal recovery in
each UP are depicted in Fig. 2(b). It can be seen that space
channel selection is first executed in the space domain to
select the allocated space channel for the i th UG, i.e., UGi

with i = 1, 2, . . . , N. Subsequently, subcarrier selection is
further performed in the frequency domain to select the allo-
cated subcarriers for the wi th UP in UGi , i.e., UPi,wi with
wi = 1, 2, . . . ,Wi . For the far user in UPi,wi , the superposed
signal carried by the corresponding subcarriers is directly
demapped to obtain the output data. However, for the near
user in UPi,wi , SIC is first conducted to estimate the signal
from the superposed signal and the resultant signal is then
demapped to generate the output data.

B. Achievable Rate

Based on the principle of hybrid 3DMA, we mathematically
derive the achievable rate of the K -user N × N MU-MIMO-
VLC system using hybrid 3DMA. (In this current work,
we focus mainly on the achievable rate performance of the
MU-MIMO-VLC system applying different multiple access
schemes. The user fairness is another very important perform-
ance metric of MU-MIMO-VLC systems, which is out of the
scope of this work and will certainly be investigated in our
future work.) Considering the fact that the received signal-
to-noise ratios (SNRs) of different space channels might be
different due to their distinctive transmission paths, it might
be difficult to utilize received SNR as the merit to evaluate the
achievable rate of MU-MIMO-VLC systems [17]. Instead, we
adopt transmitted SNR as the common metric for achievable
rate evaluation. More specifically, the transmitted SNR γt x

is defined as the ratio between the electrical power Ps of the
transmitted OFDM signal at the input of each LED to the
electrical power Pz of the additive noise at the receiver side,

i.e., γt x =
Ps
Pz

[16]. For the purpose of comparison, the achiev-
able rates of MU-MIMO-VLC systems using OFDMA and
SDMA are also discussed.

1. OFDMA

For conventional OFDMA-based MU-MIMO-VLC systems,
each user utilizes all the space channels to transmit the
intended message signals, and therefore the achievable rate
of each user is the sum of the achievable rates of all space chan-
nels. According to Eq. (6), the received SNR γk,t of the tth
space channel at the kth user is obtained by

γk,t =
Ps∑N

r=1 h̃2
k,r t Pz

=
γt x∑N

r=1 h̃2
k,r t

. (15)

Moreover, under the assumption of equal bandwidth
allocation, the available bandwidth of each user in the
K -user N × N MU-MIMO-VLC system is given by B

K .
As a result, the achievable sum rate of the K -user N × N
MU-MIMO-VLC system using OFDMA is given by [16]

ROFDMA =
B

2K

K∑
k=1

N∑
t=1

log2

(
1+

eγt x

2π
∑N

r=1 h̃2
k,r t

)
. (16)

2. SDMA

For the K -user N × N MU-MIMO-VLC system using
SDMA, each user employs only the single allocated space
channel to transmit the intended message signal. Due to the
random distribution of users, only T (0≤ T ≤ N) out of N
space channels might be utilized for signal transmission, which
indicates that there are totally T UGs in the system. Hence,
the channel matrix becomes Vk with a dimension of N × T, as
given by Eq. (9). In consequence, the transmitted signal vector
becomes x′ = [x ′1, x ′2, . . . , x ′T ]

T , and the resultant received
signal vector y′k at the kth user is expressed by

y′k = Vkx′ + zk . (17)

Letting V†
k denote the pseudo inverse of Vk , the estimate of

x′ at the kth user after MIMO demultiplexing is given by

x̂′k = V†
ky′k = x′ + V†

kzk, (18)

and the estimate of the τkth data stream corresponding to the
τkth space channel allocated to the kth user is described by

x̂ ′k,τk = x ′τk +
N∑

r=1

ṽk,r τk zk,r , (19)

where ṽk,r τk denotes the element in the τkth row and the r th
column of V†

k . Based on Eq. (19), the received SNR γ ′k,τk of
the τkth space channel at the kth user is obtained by

γ ′k,τk =
Ps∑N

r=1 ṽ
2
k,r τk

Pz

=
γt x∑N

r=1 ṽ
2
k,r τk

. (20)

In addition, each UG in the SDMA-based MU-MIMO-
VLC system can use all the system bandwidth B . For the τkth
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UG with K τk users, the achievable bandwidth of each user
in the τkth UG with equal bandwidth allocation is given by

B
Kτk

. Therefore, the achievable sum rate of the K -user N × N

MU-MIMO-VLC system using SDMA is given by [37]

RSDMA =
B
2

K∑
k=1

1

K τk

log2

(
1+

eγt x

2π
∑N

r=1 ṽ
2
k,r τk

)
. (21)

3. Hybrid 3DMA

When applying hybrid 3DMA in the K -user N × N MU-
MIMO-VLC system, the users within each UG are first
divided into multiple UPs according to the user pairing
approach as given by Eq. (10), and power domain NOMA
is further adopted to support the two users within each UP.
For the wi -UP in UGi , i.e., UPi,wi with wi = 1, 2, . . . ,Wi

and i = 1, 2, . . . , T, letting s= [s 1, s 2, . . . , s T ]
T denote the

transmitted signal vector, the received signal vectors at far and
near users in UPi,wi can be expressed by{

y f
wi
= V f

wi
s+ z f

wi ,

yn
wi
= Vn

wi
s+ zn

wi
,

(22)

where V f
wi

and Vn
wi

are the corresponding N × T channel

matrices, while z f
wi and zn

wi
are the corresponding noise vectors.

Letting V f ,†
wi

and Vn,†
wi

respectively denote the pseudo inverses
of V f

wi
and Vn

wi
, the estimates of s at far and near users in

UPi,wi are obtained by{
ŝ f
wi
= V f ,†

wi
y f
wi
= s+ V f ,†

wi
z f
wi ,

ŝn
wi
= Vn,†

wi
yn
wi
= s+ Vn,†

wi
zn
wi

.
(23)

Using Eq. (14), the estimate of the intended data streams
via their allocated space channels, i.e., the τ f th and τnth space
channels, for far and near users in UPi,wi are respectively
given by

ŝ f
wi =

√
p f
wi s

f
wi +

√
pn
wi

s n
wi
+

N∑
r=1

ṽ
f
wi ,r τ f z f

wi ,r ,

ŝ n
wi
=

√
p f
wi s

f
wi +

√
pn
wi

s n
wi
+

N∑
r=1

ṽn
wi ,r τn

zn
wi ,r
,

(24)

where ṽ f
wi ,r τ f (ṽn

wi ,r τn
) denotes the element in the τ f th (τnth)

row and the r th column of V f ,†
wi

(Vn,†
wi

).
For the far user in UPi,wi , the estimated signal is directly

demapped to recover the transmitted data. As a result, the
received SNR of the far user in UPi,wi is calculated by

γ f
wi ,τ f
=

p f
wi

pn
wi
+
∑N

r=1 (ṽ
f
wi ,r τ f )

2
Pz

=
Ps

αwi Ps + (1+ αwi )
∑N

r=1 (ṽ
f
wi ,r τ f )

2
Pz

=
γt x

αwi γt x + (1+ αwi )
∑N

r=1 (ṽ
f
wi ,r τ f )

2 . (25)

Moreover, for the near user in UPi,wi , SIC is first executed
with respect to the estimated signal, and the resultant signal
is then demapped for data recovery, considering the fact that
the SIC process might not be perfect and there might be some
residual interference leading to error propagation [48,49].
Letting β (0≤ β ≤ 1) denote the error propagation ratio
caused by imperfect SIC, the received SNR of the near user in
UPi,wi can be obtained by

γ n
wi ,τn
=

pn
wi

β p f
wi +

∑N
r=1 (ṽ

n
wi ,r τn

)
2 Pz

=
αwi Ps

βPs + (1+ αwi )
∑N

r=1 (ṽ
n
wi ,r τn

)
2 Pz

=
αwi γt x

βγt x + (1+ αwi )
∑N

r=1 (ṽ
n
wi ,r τn

)
2

. (26)

Due to the use of SPC for two users within each UP, both
users can utilize all the bandwidth allocated to the UP. For the
i -UG consisting of Wi UPs, the available bandwidth of UPi,wi

under equal bandwidth allocation is given by Bwi =
B

Wi
. As a

result, the achievable rates of far and near users in UPi,wi can
be expressed by R f

wi =
B

2Wi
log2

(
1+ e

2π γ
f
wi ,τ f

)
,

Rn
wi
=

B
2Wi

log2

(
1+ e

2π γ
n
wi ,τn

)
,

(27)

and hence, the achievable sum rate of far and near users in
UPi,wi can be given by

Rwi = R f
wi
+ Rn

wi

=
B

2Wi

(
log2

(
1+

e
2π
γ f
wi ,τ f

)
+ log2

(
1+

e
2π
γ n
wi ,τn

))
.

(28)

Finally, the achievable sum rate of the MU-MIMO-VLC
system with T UGs can be achieved by

R3DMA =

T∑
i=1

Wi∑
wi=1

Rwi . (29)

C. Optimal Power Allocation in Hybrid 3DMA

In this subsection, we derive the OPA strategy for each UP in
the MU-MIMO-VLC system using hybrid 3DMA. By substi-
tuting Eqs. (25) and (26) into Eq. (28), the achievable sum rate
of the two users in UPi,wi is given by

Rwi =
B

2Wi

log2

1+
e

2π

γt x

αwi γt x + (1+ αwi )
N∑

r=1
(ṽ

f
wi ,r τ f )

2



+ log2

1+
e

2π

αwi γtx

βγt x + (1+ αwi )
N∑

r=1
(ṽn
wi ,r τn

)
2


 .

(30)
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By denoting C1 =
eγt x
2π , C2 = γt x +

∑N
r=1 (ṽ

n
wi ,r τn

)2, C3 =∑N
r=1 (ṽ

n
wi ,r τn

)2, and C4 = βγt x +
∑N

r=1 (ṽ
n
wi ,r τn

)2, we can
rewrite Eq. (30) as

Rwi =
B

2Wi

(
log2

(
C2αwi +C5

)
+ log2

(
C5αwi +C4

))
−

B
2Wi

(
log2

(
C2αwi +C3

)
+ log2

(
C3αwi +C4

))
,

(31)

where C5 =C1 +C3.
For given C1, C2, C3, and C4, the OPA strategy αOPA

wi
for

UPi,wi in the MU-MIMO-VLC system using hybrid 3DMA
can be obtained by individually maximizing the achievable
sum rate of the two users in UPi,wi . Therefore, the achievable
sum rate maximization problem with respect to UPi,wi can be
formulated as follows:

αOPA
wi
= argmax

αwi

Rwi s.t. 0≤ αwi ≤ 1. (32)

By observing Eqs. (31) and (32), we can find that the above
maximization problem is a typical difference of convex (DC)
programming problem, which can be efficiently solved by
the convex–concave procedure (CCP) [50]. Therefore, the
OPA strategy αOPA

wi
for UPi,wi can be easily obtained for the

MU-MIMO-VLC system using hybrid 3DMA.

4. RESULTS AND DISCUSSION

In this section, we conduct Monte Carlo simulations to sub-
stantiate the derived analytical results in terms of achievable
rates of the MU-MIMO-VLC systems applying OFDMA,
SDMA, and the proposed hybrid 3DMA scheme. Without loss
of generality, we consider a 4× 4 (i.e., N = 4) MIMO-VLC
system within a typical 4 m× 4 m× 3 m room. The geometry
setup of the 4× 4 MIMO-VLC system is depicted in Fig. 3(a),
where the square 2× 2 LED array is mounted at the center
of the ceiling and oriented downwards to point straight to the
receiving plane; the receiving plane is 0.85 m above the floor,
and the square 2× 2 PD array of each user located over the
receiving plane is vertically oriented towards the ceiling. The
spacing between two adjacent LEDs in the LED array is 2 m,
while PD spacing is 10 cm. Moreover, to achieve relatively
high SNRs at the receiver side, high-sensitivity avalanche PDs
(APDs) are used in the PD array, which have a responsivity of
15 A/W with an active area of 19.6 mm2 [51]. If not otherwise
specified, the simulation parameters of the considered indoor
MU-MIMO-VLC system are listed in Table 2. To perform
SNR estimation for achievable rate calculation, binary phase-
shift keying (BPSK)-based OFDM signals are transmitted
by each LED, and the SNR value of each received OFDM
signal is estimated from the error vector magnitude (EVM) of
the corresponding BPSK constellation [37]. Moreover, since
multiple users are assumed to be randomly located within the
receiving plane at each simulation, we repeat the simulations
10,000 times for each case so as to obtain a stable average sum
rate for fair and accurate performance evaluation.

Fig. 3. (a) Geometry setup and (b) top view of the 4× 4 MIMO-
VLC system.

Table 2. Simulation Parameters

Parameter Value Reference

Room dimension 4 m× 4 m× 3 m [46]
Height of receiving plane 0.85 m [46]
Number of LEDs 4 [46]
LED spacing 2 m [46]
SAHP of LED 65◦ [46]
Gain of filter 0.9 [46]
RI of lens 1.5 [46]
Half-angle FOV of lens 65◦ [46]
Number of APDs 4 [46]
APD spacing 10 cm [46]
Responsivity of APD 15 A/W [51]
Active area of APD 19.6 mm2 [51]
Reflectivity of wall 0.8 [45]
Modulation bandwidth 20 MHz [46]
Noise PSD 10−22A2/Hz [17]

We first investigate the relationship between the average
sum rate and the transmitted SNR for the 4× 4 MIMO-VLC
system applying different multiple access schemes, where
the number of users is set to 15. Figures 4(a), 4(b), and 4(c)
show the average sum rates versus the transmitted SNR for
OFDMA, SDMA, and hybrid 3DMA with error propagation
ratios of β = 0, 0.05, and 0.1, respectively. For the case of
perfect SIC without error propagation, i.e., β = 0, as shown
in Fig. 4(a), OFDMA always has the lowest average sum rate
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Fig. 4. Average sum rate versus transmitted SNR for OFDMA, SDMA, and hybrid 3DMA with error propagation ratios of (a) β = 0,
(b) β = 0.05, and (c) β = 0.1. Lines and markers show the analysis and simulation results, respectively.

Fig. 5. Average sum rate versus number of users for OFDMA, SDMA, and hybrid 3DMA with error propagation ratios of (a) β = 0,
(b) β = 0.05, and (c) β = 0.1. Lines and markers show the analysis and simulation results, respectively.

within the transmitted SNR range from 120 to 140 dB. In con-
trast, SDMA greatly outperforms OFDMA, and the average
sum rate improvement becomes much more significant when
a higher transmitted SNR is considered, which is due mainly
to the enhanced bandwidth utilization efficiency of SDMA in
comparison to OFDMA. Furthermore, the proposed hybrid
3DMA with OPA always achieves the highest average sum
rate, and hybrid 3DMA with NGDPA obtains nearly the same
average sum rate as SDMA. More specifically, the average sum
rates of hybrid 3DMA with OPA, SDMA, and OFDMA at a
transmitted SNR of 130 dB are 176.1, 132.6, and 70.4 Mbit/s,
respectively. As a result, an average sum rate improvement of
32.8% can be obtained by the proposed hybrid 3DMA with
OPA when compared with SDMA. For the case of imperfect
SIC, as can be seen from Figs. 4(b) and 4(c), the average sum
rates of hybrid 3DMA schemes are gradually reduced with the
increase of the error propagation ratio. For a moderate error
propagation ratio of β = 0.05, the average sum rates of hybrid
3DMA with GRPA and NGDPA become lower than that of
SDMA, especially when the transmitted SNR is relatively large.
For a severe error propagation ratio of β = 0.1, the average sum
rates of hybrid 3DMA with GRPA and NGDPA can be lower
than that of OFDMA when the transmitted SNR reaches
140 dB. However, hybrid 3DMA with OPA can always achieve
the highest average sum rate within the entire SNR region for
both moderate and severe error propagation levels. Moreover, it
can be clearly observed from Fig. 4 that the simulation results
agree well with the analytical predictions for all cases.

Next, we evaluate the relationship between the average
sum rate and the number of users for the 4× 4 MIMO-VLC
system applying different multiple access schemes, where the
transmitted SNR is set to 130 dB. Figures 5(a), 5(b), and 5(c)
show the average sum rates versus the number of users for
OFDMA, SDMA, and hybrid 3DMA with error propagation
ratios of β = 0, 0.05, and 0.1, respectively. As we can see,
the average sum rate of OFDMA is stable and is not affected
by the number of users. In contrast, the average sum rates of
SDMA and hybrid 3DMA first gradually increase when the
number of users is increased from 4 to 16, which then become
stable when there are more than 16 users randomly located
within the receiving plane of the system. For the case of perfect
SIC, i.e., β = 0, as shown in Fig. 5(a), the average sum rates
of OFDMA and SDMA are 70.3 and 133.4 Mbit/s, respec-
tively, when the number of users is 16. Moreover, the proposed
hybrid 3DMA with NGDPA performs slightly worse than
SDMA, while hybrid 3DMA with OPA achieves the highest
average sum rate of 178.7 Mbit/s when the number of users is
16. Hence, a stable average sum rate improvement of 34% is
obtained by hybrid 3DMA with OPA in comparison to SDMA
when the number of users is more than 16. For the case of
imperfect SIC with β = 0.05 and 0.1, as shown in Figs. 5(b)
and 5(c), SDMA can outperform hybrid 3DMA with both
GRPA and NGDPA. Nevertheless, the highest average sum
rate is always achieved by hybrid 3DMA with OPA for both
moderate and severe error propagation levels. In addition, we
can clearly see from Fig. 5 that the obtained simulation results
also closely match the analytical predictions.
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Fig. 6. Average sum rate versus error propagation ratio for hybrid
3DMA with GRPA, NGDPA, and OPA. Lines and markers show the
analysis and simulation results, respectively.

We further study the impact of the error propagation level
on the average sum rate of the 4× 4 MIMO-VLC system
applying different multiple access schemes, where the number
of users is 15 and the transmitted SNR is 130 dB. Figure 6
shows the average sum rate versus the error propagation ratio
for hybrid 3DMA with GRPA, NGDPA, and OPA, where the
error propagation ratio β is assumed to be within the range
of zero to 0.4. For the purpose of comparison, the average
sum rates of OFDMA and SDMA are also plotted. It can be
seen that the average sum rates of hybrid 3DMA with GRPA,
NGDPA, and OPA all gradually decrease with the increase of
the error propagation ratio β, which demonstrates the adverse
effect of error propagation on the average sum rate of hybrid
3DMA due to imperfect SIC. Moreover, hybrid 3DMA with
NGDPA always performs worse than SDMA, and hybrid
3DMA with GRPA obtains a higher sum rate than SDMA
only when β ≤ 0.025, suggesting that hybrid 3DMA with
low-complexity channel-based PA strategies does not perform
well under severe error propagation scenarios. However, we
can see that hybrid 3DMA with OPA can always outperform
SDMA even with an error propagation ratio as high as 0.4,
which indicates that hybrid 3DMA with OPA exhibits better

tolerance against the adverse error propagation effect. Similarly,
it can also be found in Fig. 6 that the obtained simulation
results and the analytical predictions have a good agreement,
which verifies the validity of our derived analytical results.

Finally, we analyze the dynamic range of the achievable
sum rate of the 4× 4 MIMO-VLC system applying different
multiple access schemes, where the transmitted SNR is 130 dB
and the number of users is 15. Figures 7(a), 7(b), and 7(c)
show the CDF plots of the sum rate for OFDMA, SDMA, and
hybrid 3DMA with error propagation ratios of β = 0, 0.05,
and 0.1, respectively. For the case of perfect SIC, i.e., β = 0,
as shown in Fig. 7(a), the minimum sum rates achieved by
OFDMA and SDMA are 40.1 and 66.7 Mbit/s, respectively.
Moreover, the minimum sum rate obtained by hybrid 3DMA
with OPA is 88.8 Mbit/s, indicating a 33.1% improvement
of the minimum sum rate in comparison to SDMA. For the
case of imperfect SIC with β = 0.05 and 0.1, as shown in
Figs. 7(b) and 7(c), although the minimum sum rate of hybrid
3DMA with OPA is slightly reduced, it is still higher than that
of SDMA. Therefore, hybrid 3DMA with OPA can achieve a
much higher minimum sum rate than OFDMA and SDMA,
which suggests that the proposed hybrid 3DMA with OPA
exhibits excellent robustness and performance consistency
to support multiple users with random locations over the
receiving plane in the MU-MIMO-VLC system.

5. CONCLUSION

In this paper, we have proposed, analyzed, and evaluated a
novel hybrid 3DMA scheme for MU-MIMO-VLC systems.
All users within the system are first divided into multiple UGs,
and the users within each UG are further divided into multiple
UPs. For far and near users within each UP, power domain
SPC is performed, and the corresponding OPA strategy is
derived to maximize the achievable sum rate. Moreover, the
impact of error propagation caused by imperfect SIC is also
considered. The obtained simulation results successfully verify
the validity of our analytical derivations. The analysis and
simulation results show that the proposed hybrid 3DMA with
OPA can substantially improve the achievable sum rate of the
MU-MIMO-VLC system when compared with OFDMA and
SDMA. More specifically, hybrid 3DMA with OPA achieves
an average sum rate improvement of 32.8% in comparison to
SDMA when the transmitted SNR is 130 dB, the number of
users is 15, and the SIC is perfect. It is further revealed that

Fig. 7. CDF plot of the sum rate for OFDMA, SDMA, and hybrid 3DMA with error propagation ratios of (a) β = 0, (b) β = 0.05, and
(c) β = 0.1.
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hybrid 3DMA with OPA exhibits enhanced tolerance against
error propagation and outperforms SDMA even with an error
propagation ratio as high as 0.4. Moreover, hybrid 3DMA
with OPA achieves a much higher minimum sum rate than
OFDMA and SDMA, which shows excellent robustness and
performance consistency to support multiple randomly located
users in the MU-MIMO-VLC system. In conclusion, the
proposed hybrid 3DMA scheme with OPA can be a promising
candidate for MU-MIMO-VLC systems.

Finally, a few future directions can be suggested as follows:
(1) theoretical and experimental evaluation of the proposed
hybrid 3DMA scheme in practical MU-MIMO-VLC sys-
tems with low-pass frequency response and LED nonlinearity,
(2) improved user pairing approaches by considering the dis-
tinctive quality-of-service requirement of each user, (3) analysis
of user fairness in MU-MIMO-VLC systems applying the
proposed hybrid 3DMA scheme.
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