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Two-Dimensional Power Allocation for Optical
MIMO-OFDM Systems Over Low-Pass Channels
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Abstract—Multiple-input multiple-output (MIMO) combined
with orthogonal frequency-division multiplexing (OFDM) tech-
nique can dramatically increase the achievable rate of visible light
communication (VLC) systems. The channel in a VLC system with
light-emitting diode (LED) luminaires is generally low-pass, which
highly limits the achievable rate of practical VLC systems. This
aspect has largely been ignored in the analysis for MIMO-OFDM
VLC systems. As wide parts of the bandwidth at higher frequencies
are severely attenuated, the choice of the power loading on every
frequency bin has a large impact on the achieved bit rate. Thus,
in this paper, we propose a two-dimensional water-filling (2D-WF)
power allocation algorithm that operates both in frequency and
space domains to efficiently improve the rate achieved by MIMO-
OFDM VLC systems over low-pass VLC channels. The achievable
rates and optimal bandwidths of a MIMO-OFDM VLC system
are derived analytically using the proposed 2D-WF power allo-
cation algorithm and five conventional power allocation strategies,
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including uniform (UF) power allocation, pre-emphasis (PE) power
allocation, beamforming (BF) power allocation, and two kinds
of one-dimensional water-filling (1D-WF) power allocation. Our
simulation results show that the achievable rate of a MIMO-OFDM
VLC system in a typical indoor environment can be significantly
degraded by the low-pass effect. The proposed 2D-WF power
allocation outperforms all other schemes in terms of achievable
bit rate.

Index Terms—MIMO, OFDM, VLC, water-filling power
allocation, low-pass channel, achievable rate.

I. INTRODUCTION

V ISIBLE light communication (VLC) utilizes light-
emitting diode (LED) luminaires lighting and has drawn

significant interest due to the dual-function of illumination and
data transmission [1]. An LED-based VLC system has many
other advantages such as low cost, high security, license free and
silence to electromagnetic interference, which is well positioned
as the potential key technology for the new 6G communica-
tion [2]. The momentum of next generation 6G and Internet of
things (IoT) devices such as autonomous vehicles and robots,
industry 4.0, virtual or augmented reality, drives the demand for
high wireless capacity. However, there is a severe challenge for
LED-based VLC systems as the bandwidth of white LEDs is
only several MHz due to the LED junction capacitance [3] and
color-converting phosphors [4]. These limit the throughput of
LED-based VLC systems. However, orthogonal frequency di-
vision multiplexing (OFDM) allows efficient use of modulation
frequencies that go far beyond the 3 dB bandwidth of the LED
and the phosphor, by optimally allocating power and bits at each
frequency bin.

Multiple-input multiple-output (MIMO) is an other technique
to boost spectrum efficiency. It has become a vital solution to
achieve high data rates. MIMO techniques are widely applied
in radio frequency (RF) communication systems. In indoor en-
vironments, lighting is usually implemented via multiple LEDs
located at different locations to obtain uniform illumination [5].
Hence, distributed-MIMO becomes a natural technique in VLC
systems [6], [7], which is able to retain communication even if
one light of sight (LoS) path is blocked. Compared to single-
input single-output (SISO) VLC systems, MIMO-VLC systems
over space channels have been proven to be able to dramatically
increase the achievable rate [8]. Thus, MIMO combined with
OFDM technique promises to be a natural combination and key
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technique to effectively enhance the rate and communication
reliability of VLC systems, particularly in an indoor environ-
ment. In LED-based MIMO-OFDM VLC systems, there are
two dimensions over which to allocate power, namely among
the OFDM sub-carriers in frequency domain and across the
multiple spatial streams. A hybrid space-frequency domain
pre-equalization has shown better performance than the system
using only frequency domain pre-equalization [9]. LED-based
MIMO-OFDM VLC systems have already been experimentally
demonstrated to achieve high data rate in [10], [11], but they
did not consider allocating the optimal power and bits at each
sub-channel or sub-carrier.

The channel in VLC system is generally low-pass [12], [13],
which has been largely ignored in the analysis for VLC systems.
The low-pass nature nonetheless appears to have a significant
impact [14]–[16]. In literature, we see three models for the
low-pass frequency channel response: Gaussian, exponential
and first-order low-pass models. The Gaussian low-pass model
has been experimentally demonstrated to closely match with a
step-index plastic optical fiber over intensity-modulation/direct-
detection (IM/DD) optical channel, where the noise is additive
white Gaussian noise (AWGN) [17]. The exponential model is an
empirical expression that has been experimentally demonstrated
to closely match with the measured LED communication
low-pass channel response [18], [19]. The first-order model has a
physical foundation for phosphor–coated blue LEDs in [20] and
also for LEDs which have a quantum-well with a fairly constant
concentration of holes and electrons [12]. For LEDs in which the
distribution of charge carriers is less uniform, the 3 dB point is
smeared across a wider range of frequencies, and apparently [19]
the exponential model described this reasonably well in practice.
Thus, we adopt the exponential low-pass channel model in the
analysis on the MIMO-OFDM VLC system.

MIMO-VLC systems can be generally divided into two cate-
gories based on whether imaging lens is used: imaging MIMO
and non-imaging MIMO [8]. There are generally three transmis-
sion modes of MIMO, i.e., spatial diversity (SD) [21], spatial
multiplexing (SMP) [22], and spatial modulation (SM) [11].
Under SD and SMP modes, a diversity gain and multiplexing
gain can be obtained for MIMO-VLC systems respectively [23],
while under SM mode, extra bits by spacial index-modulation
can be transmitted along with a traditional constellation dia-
gram for throughput increment [24]. In this work, we consider
non-imaging MIMO with the stream scheme of SMP. Besides, a
general indoor VLC system has two types of propagation modes
between transmitters and receivers, including LoS propagation
and diffuse propagation. The literature suggests that the power
received over the diffuse propagation is much lower than that
of LOS propagation [8], [25]. Hence, only LoS propagation is
considered in this work. To guarantee the transmitted signals to
be positive, direct current biased optical OFDM (DCO-OFDM)
adds a DC-offset in the signals and clips the remaining negative
signals to zero [26]. Other OFDM variants such as Asymmetric
Clipped Optical OFDM (ACO-OFDM), Pulse Amplitude Mod-
ulated OFDM (PAM-OFDM) or Flip OFDM avoid the inefficient
DC bias power so as to improve the energy efficiency, but at a
price in bandwidth utilization. In this work, we mainly consider

DCO-OFDM and the power allocation strategy can be also
applied to other OFDM forms.

It is vital to assign the most appropriate power to each LED,
which not only saves energy but also increases the throughput.
To this end, we adopt the singular value decomposition (SVD)-
based technique to decompose the MIMO-OFDM VLC chan-
nel into independent parallel sub-channels as reported in [29].
Although in [31] the performance of a MIMO-OFDM VLC
system was investigated with adaptive bit and power allocation,
the low-pass effect was not taken into account. Recently, we
investigated the low-pass effect in the MIMO-VLC system using
numerical CVX optimization [15], but we continued to search
for insightful expressions. In this work, we further propose an
efficient two-dimensional water-filling (2D-WF) power alloca-
tion algorithm to improve the achievable rate of MIMO-OFDM
VLC systems over low-pass channels. The preliminary results
were presented in [32]. For a comparison, the achievable rate
and optimal normalized bandwidths calculations with five con-
ventional power allocation strategies, including uniform (UF)
power allocation, two kinds of one-dimension water-filling (1D-
WF) power allocation, pre-emphasis (PE) power allocation and
beamforming (BF) power allocation [30], are also analyzed over
the low-pass channels.

For clarity, we have provided a detailed comparison between
existing related works and our work in Table I. The main con-
tributions of this paper can further be summarized as follows:
� With an SVD-based technique, we analyze the signal pro-

cessing process of a typical MIMO-OFDM VLC system
over low-pass channels, and derive the overall achievable
rate of the proposed system.

� Based on our derived expression for achievable rate, we
propose a 2D-WF power allocation strategy over both the
spatial and the frequency domains to maximize the rate of
the MIMO-OFDM VLC system over low-pass channels.
A closed-form expression is obtained for the performance
by our proposed 2D-WF power allocation strategy. Then,
we propose an algorithm to achieve the optimal results.

� Under the total transmit power constraint, the achievable
rates and optimal bandwidths of a MIMO-OFDM VLC
system over low-pass channels are derived analytically
with five conventional power allocation strategies.

� Extensive analytical and simulation results are presented
to evaluate and compare the performance of a MIMO-
OFDM VLC system over low-pass channels with different
power allocation strategies in two cases of typical indoor
environment. The obtained results demonstrate the good
performance of the proposed 2D-WF power allocation
strategy.

The remainder of this paper is organized as follows. In
Section II, we describe the model of a general MIMO-OFDM
VLC system over the low-pass channels. In Sections III, the
achievable rates and optimal normalized bandwidths of the
MIMO-OFDM VLC system with the proposed 2D-WF power
allocation strategy and other five conventional power allocation
strategies are derived, respectively. In Section IV, simulations
are performed and the results are discussed. Section V draws
conclusions from this paper.
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TABLE I
THIS WORK IN COMPARISON WITH THE RELATED WORKS

01 Water-filling. 2 Uniform.3 Pre-emphasis.4 Beam-forming. 5 Not consider. 6 Consider. 7 Not Applicable.

Fig. 1. Geometric representation of the NR ×NT MIMO VLC system.

Notation: Scalars, vectors, and matrices are respectively de-
noted by non-boldface italic letters, lowercase boldface letters,
and capital boldface letters. The operators (·)T and (·)H repre-
sent the transpose and the conjugated transpose of a vector or
matrix, respectively. || · || denotes the norm of a vector.

II. SYSTEM MODEL

In this section, we describe a MIMO-OFDM VLC system
with NT LEDs and NR photodiodes (PDs), where IM/DD with
DCO-OFDM is considered. The described system is illustrated
in Fig. 1.

After the LoS propagation, the received electrical signal by
the user can be written as

y(f) = H(f)x(f) + n(f), (1)

where y(f) = [y1(f), y2(f), . . . , yNR
(f)]T , for f ∈ [0, fmax],

where fmax is the maximal used bandwidth, denotes the
NR × 1 received signal vector at the f -th sub-carrier. x(f) =
[x1(f), x2(f), . . . , xNT

(f)]T is the transmitted signal vec-
tor, and n(f) = [n1(f), n2(f), . . . , nNR

(f)]T is the NR × 1
AWGN vector whose entries are zero-mean independent and
identically distributed (i.i.d) Gaussian random variables with
variance σ2

n = N0B, where N0 is the power spectral density
(PSD) of the noise and B is the noise bandwidth [33].

H(f) represents the channel frequency response matrix. As
discussed previously, in this work, only LoS propagation is
considered. In this case, we can model each MIMO channel
with a constant channel DC gain over all frequency range and the
frequency-selectivity which is related to the low-pass nature of
LEDs [34]. Thus, the channel frequency response matrix H(f)
can be expressed by

H(f) =

⎡
⎢⎣

h11(0)h11(f) · · · h1NT
(0)h1NT

(f)
...

. . .
...

hNR1(0)hNR1(f) · · · hNRNT
(0)hNRNT

(f)

⎤
⎥⎦ ,

(2)

where hij(0), for i = 1, 2, . . ., NR and j = 1, 2, . . ., NT , rep-
resents the DC channel gain between the j-th LED and the
i-th PD, and hij(f) corresponds to the low-pass frequency
channel response between the j-th LED and the i-th PD. In this
work, we consider that the used LEDs and PDs are identical,
i.e., we adopt the same exponential low-pass channel model,
thus, hij(f) = h(f), ∀i ∈ [1, NT ] and ∀j ∈ [1, NR], and can be
expressed as [18], [19]

|h(f)|2 = 2− f
fc , (3)

where fc is the 3 dB cut-off frequency of the channel. The value
of fc varies for the different off-the-shelf LEDs, but it will not
affect the power allocation strategies discussed in Section III.

So, following [16], (2) can be rewritten asH(f) = H(0)h(f),
in whichH(0) is theNR ×NT DC channel gain matrix. Without
consideration of the effect of optics, such as a lens, the emission
from an LED can be modeled by a Lambertian radiation pattern.
The DC channel gain hij(0) is calculated by [35]

hij(0) =

{
(m+1)ρA

2πd2
ij

cosm(φij) cos(ψij), 0 ≤ ψij ≤ Ψ 1
2
,

0, ψij > Ψ 1
2
,

(4)

where the coefficient m = −ln(2)/ln(cos(Φ 1
2
)) corresponds to

the order of lambertian emission, where Φ 1
2

is semiangle at half
power of the LED. ρ andA denote, respectively, the responsivity
and the active area of the PD. dij depicts the distance between
the i-th PD and the j-th LED. Furthermore, φij is the angle of
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Fig. 2. Block diagram of SVD and power allocation.

emergence to the emitter axis, and ψij is the angle of incident to
the incident axis. The coefficientΨ 1

2
represents the field-of-view

(FOV) semiangle of the receiver. It can be observed in (4) that,
due to the geometric dependence, if the emitter or detector is not
in each other’s FOV, the DC channel gain is negligible. These
parameters are depicted in Fig. 1.

To reduce the channel correlation, i.e., enhance the quality of
sub-channels, in this work, we consider that the MIMO-OFDM
VLC systems adopt angle diversity receivers (ADR) [36]. Sub-
sequently, we illustrate the ADR coordinate system in Fig. 1. As
we can see, lLEDj

denotes the normal vector of the j-th LED in
the direction of emission light, lPDi

denotes the normal vector
of the i-th PD in the direction of incident light, vij denotes the
vector from the j-th LED to the i-th PD, αi denotes the azimuth
angle of the i-th PD, i.e., the angle of lPDi

from the positive
x-axis, βi denotes the elevation angle of the i-th PD, i.e., the
angle of lPDi

from the positive z-axis.
Without loss of generality, the Cartesian coordinates

of the j-th LED and the i-th PD can be denoted as
[xj , yj , zj ] and [xi, yi, zi], respectively. Consequently, lLEDj

,
lPDi

and vij can be respectively expressed as lLEDj
=

[0, 0,−1], lPDi
= [sinβi cosαi, sinβi sinαi, cosβi],vij =

[xi − xj , yi − yj , zi − zj ].
Following above discussion, the cosine of the emission angle

and the incident angle can be respectively calculated by

cos(φij) =
lLEDj

· vT
ij

||lLEDj
|| · ||vij ||

=
zj − zi

[(xi − xj)2 + (yi − yj)2 + (zi − zj)2]1/2
,

cos(ψij) =
lPDi

· −vT
ij

||lPDi
|| · || − vij || (5)

=
[(xj − xi) cosαi+(yj − yi) sinαi] sinβi+(zj−zi) cosβi

[(xi − xj)2 + (yi − yj)2 + (zi − zj)2]1/2
.

(6)

Next, the achievable rate expression of the proposed system
is derived.

The block diagram of the operation of SVD is illustrated in
Fig. 2. Channel state information (CSI) is generally utilized for
MIMO demultiplexing as mentioned in [23]. For instance, a

time-multiplexed training approach can be employed in MIMO-
VLC systems for efficient CSI estimation [37]. It has been
shown [16] that in LED based MIMO scenarios the channel
matrix can described well by the concatenation of a frequency-
independent crosstalk matrix (originating from overlapping ra-
diation patterns) and a frequency response that is identical for all
streams and all channels (mainly caused by the low-pass nature
of LED, photodiodes possibly partially compensated by pre-
emphasizing electronics). These insights reveal that the number
of parameter that dynamically vary are very small, and are in
practice mainly the frequency-independent change in overlap.
These can easily be tracked with little signalling overhead and
only limited number of pilot tones. This, in contrast to the
case for RF, allows accurate tracking of the channel variations.
The multipath reception that characterizes RF communication
would require the estimation of many parameters in frequency
domain (particularly with longer delay spreads) and in time
domain (typically every time the antenna moves over 1/6 of
a wavelength). Since CSI estimation is not the focus of this
manuscript and imperfect CSI will not affect our analysis in
VLC, we assume that the transmitter and receiver both perfectly
know the CSI H(0).

To obtain the independent parallel sub-channels, we as-
sume that NT ≤ NR, and follow the SVD of the chan-
nel matrix H(0), H(0) = UDVH , where U and V are
NR ×NT and NT ×NT unitary matrices, respectively. D =
diag{√λ1,

√
λ2, . . . ,

√
λk}, for k = 1, 2, . . .,K, is aNT ×NT

diagonal matrix, where
√

λk corresponds to the singular values
of H(0), and K is the rank of H(0), hence, K = NT .

Following the above discussion, (1) can be rewritten as

y′(f) = Dh(f)x′(f) + n′(f), (7)

where y′(f) = UHy(f), x′(f) = VHx(f) and n′(f) =
UHn(f), i.e., the transformation VH multiplexes the transmit
signals, and the transformation UH demultiplexes the receive
signals. Then, the MIMO channel can be decomposed into
independent equivalent sub-channels. Therefore, the matrices,
V and U, can also represent the pre-processing matrix at the
transmitter and the post-processing matrix at the receiver, re-
spectively [29], as shown in Fig. 2. It should be noted that, despite
the decomposition, the statistical properties of both x′(f) and
n′(f) remain the same.

Authorized licensed use limited to: CHONGQING UNIVERSITY. Downloaded on July 16,2022 at 07:24:30 UTC from IEEE Xplore.  Restrictions apply. 



7248 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 71, NO. 7, JULY 2022

Thus, the MIMO channel can be decomposed into indepen-
dent parallel sub-channels and expressed as

y′k(f) =
√

λkh(f)x
′
k(f) + n′k(f). (8)

Following (8), for a given BER, the achievable rate, i.e., spec-
trum efficiency in bits/s/Hz of the k-th equivalent sub-channel of
LED-based MIMO-OFDM VLC system over low-pass channels
can be represented by [19]

Rk =

∫ fmax

0
α log2

(
1 +

λkPk(f)

aΓN0
2− f

fc

)
df, (9)

where the parameter α is a spectral efficiency scaling factor,
and for DCO-OFDM based MIMO-VLC systems α = 1 [38].
fmax is the maximal used bandwidth of each sub-channel, which
may be different for different sub-channels. a = 2π/e is a cor-
rection factor for VLC model in which input signals are real
and nonnegative [39]. The rate in (9) resembles the Shannon
capacity expression for real–valued power–limited linear and
time Invariant (LTI) additive white Gaussian noise (AWGN)
channels, which the LED channel may not be. The modulation
gap Γ can be interpreted as the distance that a practical modu-
lation scheme has from the capacity expression of such an ideal
channel (Γ ≥ 1) [19]. Its use can be justified if Γ also captures
the penalty for non-negativity and DC-biasing [40]. In fact, it
can be shown, that (9) can be derived from the bit error rate
achieved by pulse amplitude modulation (PAM) or quadrature
amplitude modulation (QAM), as a function of the constellation
size (thus of the bit/s/Hz). By fixing the BER and absorbing the
inverted error function as a constant into Γ, and by allowing
an optimal constellation size for the given SNR, one arrives at
an expression that relates the rate to the bandwidth and signal
to noise ratio exactly as in (9), without relying on information
theoretical capacity proofs [19]. Pk(f) is the electrical power of
the OFDM signals on the k-th independent channel modulated
to the activated LEDs, which is subject to the power constraint

K∑
k=1

∫ fmax

0
Pk(f)df = PT , (10)

where PT is the total power available for transmission. Further-
more, we assume thatPT can meet the requirements of eye safety
and practical illumination. The block diagram of the operation
of practical power allocation is illustrated in Fig. 2. Note that
the operation of power allocation for each LED is coordinated
by a controller at the transmitter.

Subsequently, the overall achievable rate of the MIMO-
OFDM VLC system over low-pass channels can be obtained
by the sum of the achievable rates of all the independent data
streams, expressed as

R =
K∑
k=1

∫ fmax

0
log2

(
1 +

λkPk(f)

aΓN0
2− f

fc

)
df. (11)

From (11), it can be further observed that the maximal achiev-
able rate depends on the power allocation on each sub-carrier.
Therefore, it merits further investigation upon the optimal power
allocation to maximize the achievable rate with certain power

constraint, as expressed by the optimization problem:

max
Pk(f)

K∑
k=1

∫ fmax

0
log2

(
1 +

λkPk(f)

aΓN0
2− f

fc

)
df,

s.t. Pk(f) ≥ 0,
K∑
k=1

∫ fmax

0
Pk(f)df = PT . (12)

The above optimization problem is a convex with respect to
the power variables since the associated constraints are affine.
Moreover, the optical power constraints such as for eye safety
can be also generalized with different PT by exploring the
electroluminescence mechanism in the LED from electrical
power consumption to optical power output [19]. The power
optimization for the proposed system is addressed in detail in
the following sections.

III. POWER ALLOCATION STRATEGIES

In this section, we propose 2D-WF strategy for power alloca-
tion and the corresponding achievable rate is analyzed. Other five
conventional power allocation strategies are also investigated for
comparison.

A. Water-Filling Power Allocation Strategy

If the transmitter and receiver both perfectly know the chan-
nel state information (CSI) in the OFDM systems, a well
known power allocation optimization algorithm is water-filling
(WF) [18], [20].

1) 2D-WF Power Allocation Strategy: We extend the
frequency-domain 1D-WF into spatial domain in the MIMO-
OFDM VLC system. For the proposed 2D-WF power allocation
strategy, the maximal used bandwidth fmax varies for different
sub-channels. Thus, we define the maximal used bandwidth of
k-th sub-channel as fmaxk

. Following (12), based on Lagrangian
algorithm, the power assigned to the k-th sub-channel at the
f -th sub-carrier can be formulated as follows, and the detailed
derivations are given in Appendix.

Pk(f) = [μ− sk(f)]
+, (13)

where

sk(f) =
aΓN0

λk
2

f
fc (14)

is the inverse of the space-related channel gain to noise ratio and
[x]+ = x, ifx > 0, and [x]+ = 0, ifx ≤ 0. Since singular values
λk result from the SVD operation of the channel matrix H(0)
that is determined by the spacial locations through Eq. (4), the
proposed 2D-WF algorithm allocates the power in space domain
based on singular values λk. The coefficient μ = 1/(2 ln (2)L)
is a constant determined by the power constraint:

K∑
k=1

∫ fmaxk

0
[μ− sk(f)]

+df = PT . (15)

For the proposed 2D-WF power allocation strategy, as we can
see from Fig. 3 that Pk(f) > 0 only for f ∈ [0, fmaxk ], we have
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Fig. 3. Illustration of sk(f) and Pk(f). .

μ = sk(fmaxk). Thus, the optimal value of Pk(f) becomes

Pk(f) = sk(fmaxk)− sk(f) =
aΓN0

λk

(
2

fmaxk
fc − 2

f
fc

)
,

(16)

and thus, by inserting (16) into (11), the overall maximum
achievable rate of MIMO-OFDM VLC systems over the low-
pass channels with the proposed 2D-WF power allocation strat-
egy can be expressed as

Rw =

K∑
k=1

∫ fmaxk

0

(
fmaxk − f

fc

)
df =

1
2fc

K∑
k=1

f 2
maxk . (17)

For a fair performance comparison, we define the normalized
overall achievable rate to the 3 dB bandwidth fc of the LED as

Rw =
Rw

fc
=

1
2

K∑
k=1

v2
maxk , (18)

where vmaxk = fmaxk/fc is the normalized bandwidth of the k-th
sub-channel related to the frequency fc.

Without loss generality, we sort the used set{λk}, lettingλk ≥
λk+1, so λK is the minimal used value of set {λk}. Since μ =
s1(fmax1) = · · · = sk(fmaxk) = · · · = sK(fmaxK ), thus, follow-
ing (14) we can calculate vmaxk , k = 1, 2, . . . ,K − 1 by

vmaxk = vmaxK + log2

(
λk

λK

)
. (19)

Then, there is only one variable vmaxK , i.e., the normalized
bandwidth of the sub-channel with the minimal singular value.

In consequence, we can rewrite (18) as

Rw =
1
2

K∑
k=1

(
vmaxK + log2

(
λk

λK

))2

. (20)

In this work, the transmit SNRs and the received SNRs
of different sub-channels might be different due to different
power allocation and different transmission paths. As a result,
it is difficult to use the transmit SNRs or received SNRs of
each sub-channel as the metric to evaluate the performance of
MIMO-OFDM VLC systems over low-pass channels. For a fair
performance comparison, we define the total transmit SNR, or
in fact the link power budget, to the 3 dB bandwidth fc of the
LED, as

γ =
PT

N0fc
.

Then, by inserting (16) in (15), it is possible to rewrite (15)
as

K∑
k=1

aΓ

λk ln 2
(2vmaxk (vmaxk ln 2 − 1) + 1) = γ, (21)

where vmaxk is defined by (19).
Since some LEDs might be not used for communication due

to the limited power budget, it is impossible to directly solve the
above equations. Next, we propose an algorithm for obtaining
the maximal achievable rate of MIMO-OFDM VLC systems
over the low-pass channels with the proposed 2D-WF power
allocation strategy.

As we can see from the Algorithm 1, firstly, we set the iteration
count t to 1 and compute vmaxK−t+1 by solving the following
equation:

K−t+1∑
k=1

aΓ

λk ln 2
(2vmaxk (vmaxk ln 2 − 1) + 1) = γ, (22)

where

vmaxk = vmaxK−t+1 + log2

(
λk

λK−t+1

)
. (23)

Secondly, if the obtained optimal normalized modulation
bandwidth has the negative value (i.e., if vmaxK−t+1 < 0), dis-
card that sub-channel with the minimal eigenvalue λK−t+1 and
rerun the algorithm with the iteration count t incremented by
1. It should be noted that if the sub-channel is discarded, the
corresponding LED will be deactivated for communication and
only the DC bias is applied to maintain its illumination function.
Then, by repeating the first step and the second step until the
optimal normalized modulation bandwidth has the non-negative
value.

Lastly, we can compute the maximal achievable rate Rw by
the following equation:

Rw =
1
2

K−t+1∑
k=1

(
vmaxK−t+1 + log2

(
λk

λK−t+1

))2

. (24)

To compare our proposed 2D-WF power allocation strategy
with the conventional WF algorithm, two conventional 1D-WF
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algorithms including only space domain WF [30] and only
frequency domain WF [28] are introduced.

2) WF Power Allocation Only Over Space Domain: For the
WF algorithm only over space domain (1D-WFS), the modula-
tion bandwidths of all sub-channel are equal. It allocates uniform
power for different frequencies, i.e., constant power spectrum in
each LED sub-channel, hence, the power assigned to the k-th
sub-channel at the f -th sub-carrier can be written as

Pk(f) =
Pk

fmax
, (25)

where Pk is the power assigned to the k-th sub-channel, and can
be calculated by

Pk =

[
ε− aΓN0

λk

]+
, (26)

where ε indicates the constant power level in space domain. Pk

is subject to the power constraint:

K∑
k=1

Pk = PT . (27)

Thus, the maximal achievable rate of 1D-WFS can be ex-
pressed as

Rws =

K∑
k=1

∫ vmax

0
log2

(
1 +

λkPk

aΓN0fmax
2−v

)
dv. (28)

3) WF Power Allocation Only Over Frequency Domain: The
power assigned to the k-th sub-channel at the f -th sub-carrier
for WF power allocation only over frequency domain (1D-WFF)
can be expressed as

Pk(f) = [μf − s(f)]+, (29)

where

s(f) = s(0)2
f
fc . (30)

The power constraint:∫ fmax

0

[
μf − s(0)2

f
fc

]+
df =

PT

K
. (31)

Since Pk(f) > 0 only for f ∈ [0, fmax], we have μf =
s(fmax) = s(0)2vmax .

So,

s(0) =
PT ln 2

Kfc((vmax ln 2 − 1)2vmax + 1)
, (32)

Pk(f) =
PT ln 2

(
2vmax − 2

f
fc

)
Kfc((vmax ln 2 − 1)2vmax + 1)

. (33)

By solving the above equation, we can get the optimal modula-
tion bandwidth vmax, thus, we can obtain the maximal achievable
rate of 1D-WFF:

Rwf =

K∑
k=1

∫ vmax

0
log2

(
1+

λkγ ln 2 (2vmax−v − 1)
aΓK((vmax ln 2−1)2vmax +1)

)
dv.

(34)
Fig. 4 illustrates different WF power allocation strategies over

equal low-pass channels both in space and frequency domains,
i.e., the proposed 2D-WF in frequency (a) and space (d) domain,
only space 1D-WFS in space (b) and frequency (e) domain, and
only frequency 1D-WFF in frequency (c) and space (f) domain.
As we can see, 2D-WF allocates different powers according to
the low-pass LED channel and the corresponding power in each
LED channel also varies (as indicated by power factor εk), which
is in contrast to 1D-WFS where the corresponding power in
each LED channel remains constant. 1D-WFS allocates different
powers in each LED but it allocates uniform power spectrum
(power in every frequency bin) in each LED channel.

4) WF Power Allocation Without Low-Pass Effect: The low-
pass effect has been overlooked in most of the reported pub-
lications, as in Table I. In this case, the normalized overall
achievable rate of the MIMO-OFDM VLC system with WF
power allocation strategy in space domain can be calculated by

Rn,w = vmax

K∑
k=1

log2

[
λk

aΓN0
δ

]+
, (35)

where the coefficient δ is a constant and determined by the power
constraint

K∑
k=1

fmax

[
δ − aΓN0

λk

]+
= PT . (36)

The achievable rate without low-pass effect in (35) represents
an ideal system and deviates from the reality. But as a bench-
mark, it can be used to quantify the impact of low-pass effect
on the achievable rate as presented in Section IV. Other three
conventional power allocation algorithms, including UF, PE and
BF power allocation strategies are introduced for comparison
with our proposed 2D-WF power allocation strategy.

B. Uniform Power Allocation Strategy

By using the SVD theorem, the MIMO channels are decom-
posed into statistically independent equivalent sub-channel, and
by OFDM modulation, each LED transmits statistically indepen-
dent data symbols on multiple sub-carriers. At the transmitter,
the most simple strategy is to assign equal transmit energy to
each sub-channel of each sub-carrier. This UF power allocation
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Fig. 4. Illustration of WF power allocation strategy over equal low-pass channels in (a) space-frequency domain, (b) only space domain, (c) only frequency
domain. (d) the space domain perspective of ‘(a),’ (e) the frequency domain perspective of ‘(b),’ (f) the space domain perspective of ‘(c)’.

strategy appears to be relevant to current standardization, in
particular ITU g.9991 [41]. Thus, the power assigned to the k-th
sub-channel at the f -th sub-carrier can be formulated as follows

Pk(f) =
PT

Kfmax
, k = 1, 2, . . . ,K. (37)

Then, the overall achievable rate of the MIMO-OFDM VLC
system over the equal low-pass channels with UF power alloca-
tion strategy can be computed by

Ru =

K∑
k=1

∫ fmax

0
log2

(
1 +

λkPT

aΓN0 Kfmax
2− f

fc

)
df. (38)

For a fair performance comparison, we define the normalized
overall achievable rate as

Ru =
Ru

fc
=

1
fc

K∑
k=1

∫ fmax

0
log2

(
1 + ηk2− f

fc

)
df

=

K∑
k=1

∫ vmax

0
log2

(
1 + ηk2−v

)
dv, (39)

where

ηk =
λkγ

aΓKvmax

and vmax = fmax/fc is the normalized bandwidth related to the
frequency fc.

Using log2(x) = ln(x)/ ln(2) and employing the u-
substitution method we can rewrite (39) as

Ru =
1

(ln 2)2

K∑
k=1

[
Li2

(−ηk2−vmax
)− Li2 (−ηk)

]
, (40)

where Li2(x) is the Spence’s function defined as [19]

Li2(x) =

∫ x

0

ln(1 − u)

−u du. (41)

Therefore, in this case, the normalized optimum modulation
bandwidth can then be found to maximize the normalized overall
achievable rate by calculating dRu/dvmax = 0, which can be
obtained as
K∑
k=1

vmax ln (2) log2

(
1+ηk2−vmax

)
=

K∑
k=1

∫ vmax

0

(
ηk

2v+ηk

)
dv.

(42)
If we not consider the low-pass effect, the normalized overall

achievable rate of the MIMO-OFDM VLC system with UF
power allocation strategy can be calculated by

Rn,u = vmax

K∑
k=1

log2 (1 + ηk) . (43)

C. Per-Emphasis Power Allocation Strategy

The followings discuss the overall maximum achievable rate
of a OFDM-based MIMO-VLC system with a PE power al-
location algorithm. PE algorithm is aimed at eliminating the
low-pass effect at the transmitter, i.e., transmits more power at
high frequency. Hence, the power assigned to each sub-channel
with a PE strategy can be written as [19]

Pk(f) = P0|h(f)|−2 = b
PT

Kfmax
2

f
fc , (44)

where

P0 = Pk(0) = b
PT

Kfmax
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denotes a power back-off b of UF power allocation and b is
determined by the power constraint of transmitter, i.e.,

K∑
k=1

∫ fmax

0
b

PT

Kfmax
2

f
fc df = PT . (45)

By solving (45), b can be expressed as

b =
vmax ln 2
2vmax − 1

. (46)

So based on above expressions, by inserting (44) and (46)
in (11), the overall maximum achievable rate of MIMO-OFDM
VLC system over the equal low-pass channels with the PE power
allocation algorithm can be written as

Rp =

K∑
k=1

∫ fmax

0
log2

(
1 +

vmax ln 2
2vmax − 1

λkPT

aΓN0 Kfmax

)
df.

(47)
Thus, as same as WF power allocation algorithm and UF

power allocation algorithm, we define the normalized overall
achievable rate of MIMO-OFDM VLC system over the equal
low-pass channels with PE power allocation algorithm as

Rp =
Rp

fc
= vmax

K∑
k=1

log2

(
1 +

ln(2)λkγ

aΓK(2vmax − 1)

)
. (48)

For this case, the normalized optimum modulation bandwidth
can then be found to maximize the normalized overall achiev-
able rate of PE algorithm by calculating dRp/dvmax = 0. Thus,
we can get the relationship between the normalized optimum
modulation bandwidth and the link budget:

K∑
k=1

log2

(
1 +

ln(2)λkγ

aΓK(2vmax − 1)

)

=

K∑
k=1

ln(2)λkγvmax2vmax

aΓK(2vmax − 1) + ln(2)λkγ
. (49)

In the following, we address the last power power allocation
strategy, namely BF power allocation algorithm.

D. Beamforming Power Allocation Strategy

If the quality of MIMO channel is very bad, we should use
the best parallel sub-channel. Therefore, we consider a particular
form of WF power allocation strategy, i.e., BF power allocation
strategy in which information is only transmitted over a single
eigenmode, i.e., the one with the largest eigenvalue [30].

Without loss of generality, we assume that λ1 is the largest
eigenvalue. Following (18), the normalized overall achievable
rate of the MIMO-OFDM VLC system over the equal low-pass
channels with BF power allocation strategy can be calculated by

Rb =
1
2
v2

max1
, (50)

and follow (21), we can get the power constraint for single-mode
allocation as

aΓ

λ1 ln 2
(2vmax1 (vmax1 ln 2 − 1) + 1) = γ. (51)

TABLE II
POWER ALLOCATION STRATEGY

TABLE III
SIMULATION PARAMETERS

If the low-pass effect was not considered, the normalized
overall achievable rate of the MIMO-OFDM VLC system with
BF power allocation strategy can be calculated by

Rn,b = vmax log2

(
1 +

λ1γ

aΓvmax

)
. (52)

Based on above discussions, we have derived expressions on
the achievable rate with respect to the modulation bandwidth
and link power budget in the MIMO-OFDM VLC systems, as
summarized in Table II. In particular, we take into consideration
the effect of low-pass channel in all power allocation strategies.

IV. RESULTS

In this section, we evaluate and compare the performance of a
MIMO-OFDM VLC system over low-pass channels with differ-
ent power allocation strategies in a typical indoor environment.
We assume that the LED array is in the center of a room with
the coordinate (0,0,0). The geometric setup and the Cartesian
coordinate system of a VLC system are shown in Fig. 5(a), and
the top view of the 2 × 2 and 4 × 4 MIMO-OFDM VLC system
in Fig. 5(b) and (c), respectively. The simulation parameters are
list in Table III. In particular, we apply different azimuth angles
of PDs in ADR to reduce the channel correlation. Based on this
setup, the DC channel gain matrices of the proposed system are
given by followings.
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Fig. 5. Illustration of (a) geometric setup and the Cartesian coordinate system
of VLC system and top view of the (b) 2 × 2 and (c) 4 × 4 MIMO-VLC system.

User in case 1:

H1(0) = 10−6

[
2.283 1.777
1.505 2.519

]
. (53)

User in case 2:

H2(0) = 10−7

[
5.843 2.180
5.801 2.545

]
. (54)

4 × 4:

H4×4(0) = 10−6

⎡
⎢⎢⎣

1.923 1.650 1.087 1.311
1.411 2.219 1.427 0.940
1.072 1.645 1.940 1.307
1.499 1.249 1.516 1.764

⎤
⎥⎥⎦. (55)

The condition number of the channel matrix (53)–(55) are
28, 1260, and 5066 respectively. As we can see from (53) and
(54), the channel coefficients are in the order of 10−6 and 10−7.
This means there are electrical path loss of about 120 dB and
140 dB [23]. Thus, for a fair comparison in this work, we set
the same link power budget (i.e., total transmit SNR) in the
range between 120 dB to 160 dB and 140 dB to 160 dB for our
numerical simulations.

A. Water-Filling Power Allocation Strategy

Firstly, we compare the achievable rate of the proposed 2D-
WF power allocation strategy with two conventional 1D-WF

Fig. 6. Comparison of WF power allocation strategy over space-frequency
domain, only space domain and only frequency domain for two 2 × 2 MIMO-
OFDM VLC system and a 4 × 4 MIMO-OFDM VLC system with low-pass
effect.

power allocation strategies for two 2 × 2 cases and a 4 × 4
case of MIMO-OFDM VLC system with low-pass effect. As
we can see from Fig. 6, the proposed 2D-WF power allocation
strategy outperforms both 1D-WFS and 1D-WFF in all cases.
Furthermore, with the increase of the number of transmitters
and receivers, the performance of the proposed 2D-WF power
allocation strategy is significantly improved. And in the small
link power budget region of case 1, the 2 × 2 MIMO-OFDM
VLC system with 2D-WF outperforms the 4 × 4 MIMO-OFDM
VLC system with 1D-WFF or 1D-WFS. Although the achiev-
able rate of 1D-WFS is close to 1D-WFF in case 2, the 1D-WFF
always outperforms the 1D-WFS in all cases. In particular,
the achievable rate increment by the proposed 2D-WF power
allocation strategy in case 1 is less than that in case 2 of the
2 × 2 MIMO-OFDM VLC system, which is due to the condition
number of H1(0) is far smaller than that of H2(0), i.e., the
channel correlation of case 1 is far larger than that of case 2 such
that the spatial diversity is limited for MIMO-OFDM system in
case 1.

B. Comparison of Different Power Allocation Strategies

In this section, we investigate the achievable rates of the
MIMO-OFDM VLC system over low-pass channels with four
different power allocation strategies, namely 2D-WF, UF, PE
and BF power allocation.

To get a clear view of the change in modulation bandwidth,
we consider the case 1 in the 2 × 2 MIMO-OFDM VLC sys-
tem. Fig. 7 illustrates the normalized achievable rate versus
the normalized modulation bandwidth vmax with three given
link power budget, 140 dB, 150 dB, 160 dB. The figure shows
that an optimal vmax exists for a given link power budget for
UF power allocation strategy and PE power allocation strategy.
However, 2D-WF power allocation strategy will not show this
property since it already used the optimal bandwidth for each
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Fig. 7. Normalized achievable rate (dashed curves) versus normalized modula-
tion bandwidth vmax with different link power budget γ and maximal normalized
achievable rate (solid curves) versus optimal normalized modulation bandwidth
vmax for a 2 × 2 MIMO-OFDM VLC system over low-pass channels with UF
power allocation strategy (black curves) and PE power allocation strategy (blue
curves) in case 1, respectively.

Fig. 8. Normalized achievable rate versus the link power budget γ for a 2 × 2
MIMO-OFDM VLC system over low-pass channels with four different power
allocation strategies in case 1 and case 2.

sub-channel, as indicated in (18). Then, we investigate the per-
formance comparison for UF and PE power allocation strategy
by using the optimal normalized modulation bandwidth vmax.

Fig. 8 illustrates the normalized achievable rate versus the
link power budgetγ for a 2 × 2 MIMO-OFDM VLC system over
low-pass channels with four different power allocation strategies
in case 1 and case 2. It can be observed from Fig. 8 that the
2D-WF power allocation strategy can achieve the highest rate,
while the PE power allocation strategy has the lowest in case
1. It is expected that higher link power budget γ leads to better
achievable rate. Interestingly, the BF power allocation strategy
does not always outperform the UF power allocation strategy in
case 1. When the link power budget becomes relatively large, the

Fig. 9. Optimal normalized modulation bandwidth vmax versus the link power
budget γ for a 2 × 2 MIMO-OFDM VLC system over low-pass channels with
four different power allocation strategies in case 1.

UF power allocation strategy outperforms the BF power alloca-
tion strategy. In case 2, the curve of 2D-WF overlaps with that
of BF, which means the 2D-WF discards the bad sub-channel,
and only transmits information over the good sub-channel, i.e.,
2D-WF becomes BF. This is because the condition number
of H2(0) is very large. This also indicates the robustness of
our proposed 2D-WF algorithm which can achieve the optimal
power allocation according to the channel condition.

To further explain the phenomenon of case 1 in Fig. 8, where
the curve of 2D-WF overlaps with that of BF in the region of
small link power budget, we illustrate the optimal normalized
modulation bandwidth vmax versus the link power budget γ in
Fig. 9. As we can observe that when the link power budget is
relatively small, the optimal normalized modulation bandwidth
of 2D-WF power allocation strategy is the same as BF power
allocation strategy. This means the quality of MIMO channel is
bad, and the 2D-WF power allocation strategy only transmits
information over the sub-channel with the largest eigenvalue,
i.e., when the link power budget is lower than 137.5 dB, the 2D-
WF becomes the BF. Thus, our proposed 2D-WF algorithm can
achieve the adaptive power allocation according to the channel
condition and the link power budget.

C. Without Low-Pass Effect

Moreover, it can be observed by the comparison with Fig. 8
and Fig. 10, that the achievable rate of the MIMO-OFDM
system without low-pass effect is much higher than that with
low-pass effect, i.e., the low-pass channels inevitably affect
the data rate of VLC systems. In this case, since there is no
freedom in frequency domain for WF, only 1D-WFS is applied.
In fact, the low-pass nature is an essential aspect that has to
be considered by system designers, while, unfortunately, barely
be paid attention. In case 1 of Fig. 10, it is possible to observe
that, the 1D-WFS power allocation strategy achieves the highest
rate over both small and large link power budget regions, and
outperforms the UF power allocation strategy in the small link
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Fig. 10. Normalized achievable rate versus link budget γ for a 2 × 2 MIMO-
OFDM VLC system without low-pass effect in case 1 and case 2.

power budget region, but when the link power budget becomes
relatively large the UF power allocation strategy closely matches
the 1D-WFS power allocation strategy. Moreover, when the link
power budget is more than a threshold value, the UF power
allocation strategy outperforms the BF power allocation strategy.
Interestingly, when the link power budget is lower than a other
threshold value, the 1D-WFS power allocation strategy becomes
the BF power allocation strategy, as we observed in 2D-WF case.
This is further confirmed in case 2, where the performance of
1D-WFS matches with that of BF over both small and large link
power budget regions, which means the 1D-WFS only transmits
information over the good sub-channel.

V. CONCLUSION

We introduced a model for describing the throughput of
MIMO-OFDM VLC systems over low-pass LED channels in an
indoor environment and we pointed out the disruptive effect of
low-pass behavior on the achievable rate of the MIMO-OFDM
system. To the best of our knowledge, low-pass MIMO-OFDM
VLC with a matrix channel decomposition has not extensively
been treated theoretically in literature. Moreover, we investigate
six power allocation strategies over space and (or) frequency
domain for the proposed system, including 2D-WF power al-
location, 1D-WFS and 1D-WFF power allocation, UF power
allocation, PE power allocation and BF power allocation. In this
paper, for the first time, we propose the 2D-WF power allocation
strategy over both space domain and frequency domain for the
MIMO-OFDM VLC system over low-pass channels. Simulation
results show that the throughput of a MIMO-OFDM VLC sys-
tem over low-pass channels with the proposed 2D-WF power
allocation strategy is greater than that of the rest of reported
power allocation algorithms. The low-pass nature in practical
MIMO-OFDM VLC channels inevitably affects the data rate
and quality of service in VLC systems, especially in a massive

LED luminaires scenario, which should be further investigated
in future research.

APPENDIX A
DERIVATIONS FOR 2D-WF POWER ALLOCATION

Firstly, we introduce a Lagrange function:

F (Pk(f), L) =

K∑
k=1

∫ fmaxk

0
log2

(
1 +

λkPk(f)

aΓN0
2− f

fc

)
df

+ L

(
PT −

K∑
k=1

∫ fmaxk

0
Pk(f)df

)
, (56)

where L is a constant called the Lagrange multiplier.
Following (56), the choice of Pk(f) that maximizes the

Lagrange function F can be determined by maximizing the
integral:

K∑
k=1

∫ fmaxk

0

(
log2

(
1 +

λkPk(f)

aΓN0
2− f

fc

)
− LPk(f)

)
df.

(57)

Moreover, by the properties of definite integrals, the choice
of Pk(f) that maximizes the integral (57) can be determined by
maximizing the integrand:

J(Pk(f), L) =

K∑
k=1

(
log2

(
1 +

λkPk(f)

aΓN0
2− f

fc

)
− LPk(f)

)
.

(58)

Next, we take the partial derivative of J with respect to the
variables that we are attempting to optimize (i.e., {Pk(f)}) and
set them equal to zero, i.e.,

∂J(Pk(f), L)

∂Pk(f)
= 0,

which we can get the optimal value of Pk(f), and can be
expressed as

Pk(f) =

[
μ− aΓN0

λk
2

f
fc

]+
, (59)

where μ = 1/(2 ln (2)L) is a constant determined by the power
constraint.
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